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SPHERICALLY LAYERED INCLUSIONS IN A HOMOGENEOUS ELASTIC MEDIUM®

S.K. KANAUN and L.T. KUDRYAVTSEVA

A three-dimensional homogeneous and isotropic elastic medium is considered

that contains an isolated inhomogeneity (inclusion) in the shape of a
sphere. It is assumed that the elastic moduli of the medium within the
sphere depend only on the distance r to the centre of the inclusion. It

is shown that in the case of a constant external field the problem of the

equilibrium of a medium with an inhomogeneity reduces to a system of

ordinary differential equations in three scalar functions of the variable

r. An inhomogeneity with a piecewise-constant dependence of the elastic
moduli on r (a spherically layered inclusion) is examined in detail. 1In
this case, an effective calculational algorithm is proposed to construct

the solution of the problem. The solution of the problem of cne inclusion

is then utilized to determine the effective elastic moduli of a medium
with a random set of spherically layered inclusions and the estimates of
the stress concentration at individual inhomogeneities. The method of

an effective (selfconsistent) field is used to take account of interaction

between the inclusions.
The problem of a spherically layered inclusion in a homogeneous
elastic medium was solved /1-3/ for particular forms of the constant

external field. The method proposed below enables us, within the framework

of a single scheme, to examine both spherically layered inclusions with
practically any number of layers and inclusions with elastic moduli

varying continuously along the radius for an arbitrary homogenecus external

stress {(strain) field.

1. The integral equation of the problem. In an infinite homogenecus medium with
the elastic modulus tensor ¢, let there be an isolated inhomogeneity occupyving a finite domain

v whose characteristic function is V (z), where =z (z;, 7y, 3) 1is a point of the medium.

We shall

consider the elastic modulus tensor ¢ ({z) to be a piecewise-smooth function of the coordinates
with the domain V. We examine the deformation of the medium ¢ {2} under the effect of self-

equilibrated forces at infinity and certain mass forces.

Let g, (z) denote the external field of deformations that would exist in a medium when

there are no inhomogeneities and the same loading conditions. It is known /4/ that a

perturbation of the strain tensor e, (z) =¢ (z) — €, (r) in a medium with an inhomogeneity will

satisfy the equation
&0 () + SK«zﬁw (z— )PP (@) e (7)) d2' =
¥

— S Kopp (x — &) P (2) Boyp (2')d2’,  Cr(z)e=c(2) ~Co
v

(1.1)

The kernel K (z)of the integral operator K in this equation is expressed in terms of the

second derivatives of Green's function G (z) for the medium ¢,
Keaprp ()= — (VaViGay (2)@prccm

(1.2)

The function € {z) satisfies the well-known equation (8§ is the Kronecker delta, and § {z)

is the delta function)
VolSP Y, Gy () = — 8,88 (x)

(1.3)
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The Fourier transformation A* (k) of the function K (z) (the symbol of the operator K)
is a homogeneous function of zero degree in k and by virtue of (1.2), (1.3) has the form

K:ﬁ?u (k) == (kale;u (k))(aﬁ)(au) (1‘!*)
G* (k)= L7t (k), L™ (k)= k,c}*®k,

As follows from (1l.l), the field &g (z) outside the inclusion is restored uniquely by
means of its values within the domain V. The equation for the function &' (z)=1¢, (z)V (z) is
obtained by multiplying both sides of (1.1) by V (2). The solution of such equations for a
non-degenerate, bounded elastic modulus tensor of the inclusion ¢(z) exists and is unique for
a fairly broad class of right sides (see /5/ for details). If the surfaces of discontinuity
of the piecewise-smooth function ¢, (z) are closed, do not intersect, and do not contain angular
points and edges, then the solution of (1.1) will be a bounded piecewise-smooth function that
decreases as |z |™® at infinity.

Consider an elastic isotropic medium. 1In this case it is convenient to introduce a tensor
basis whose elements are collected from the divalent tensor 6.,5 and the unit vector nyg /6/
in order to represent the quadrivalent tensors in the problem:

Elaam = l/2 (Gaxaau -+ Gau‘sm)y Ezafsa n— Gaﬁ‘sm (1-5)
Esapip =Oapranty,  Eapry == ngtgyy

Egaprn =11 (8crngn, -+ Sprnany + Saungns 4 Spungn)

Egupny = nongnany,

These six linearly independent tensors, which are symmetric in the first and second pair
of subscripts, form a closed algebra with respect to multiplication, convolutions over two
subscripts. We will later denote this operation by a dot

(Ei Ejlapry = E‘i’gﬁ- Ejvr
(see the multiplication table of the tensors E; in /6/, Appendix 4).
The representation of the tensors ¢, and ¢, in the basis (1.5) has the form

co = hoEy + 2poEy, ¢ () = Ay (2) B, + 21y (2) E,

where hg, o are the Lamé coefficients of the medium, A (z)=Ak, + A (%), and p (@) = po + W1 (@)
are the same quantities for the inclusion. The tensor K* (k) in (1.4) is determined in the
case of an isotropic medium by the relationship

1 Do k
K* (n) =~ (Es () — %0E s (n)), XoZﬁ_{_—%’—, n=Tr (1.6)

2. Special representation of the operator K. wWe consider a special representation
of the singular integral operator K in (1.1), which will be important later. We introduce the
spherical coordinate system (r,n), where r= |z |,n=12/|z| is a vector on the unit sphere Q.
Let f* (s, n) denote the Mellin transform of the tensor function f{(r,n) in the variable r.

The following formulas hold /7/

fremn=\ryend, jen=—gz | PEnds @1

As follows from the results in /8/, the operator K allows of the following representation
in finite, piecewise-smooth functions f (r, n):
T 1
(K-rsm)y =g \ r (K, f*)s,n)ds, = (2.2)

Tt

where the operator K, is defined by the relationship

(K /)5, m) = — - D@ =) T (5) { a2, § (— nem)HLem)=> K* (m) - @.3)
Q, y

*(s,1)dQ,

Here T (s) is the Euler Gamma function, n,m,l are vectors on the unit sphere, and K* (m)
has the form (1.6).

We will find the result of the action of the operator K, on elements of the tensor basis
(1.5). To evaluate the integrals on the right-hand side of (2.3) we use formulas that have
been obtained by direct integration after having passed to angular coordinates on the unit
sphere (Res < 1)
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S (n-m)y=dQp=1, S (n-m)~ mompdQy, = — i S (Bap — nanp)

2, Q,
)
QS (n-m)“ 'Eg (m) de= m [Ez -I" 2E1 — S (Es(n) -+

Eo(n) - 4Es () +s@ +8) Es(n)]; I—=2n '—Tfs—"

From here and (2.3) it follows that

K, E1 = m:—t)(S——.s) [Ts -+ (1 — xo) Tsl (2.4)
KByt LT,

K, Eq— 1;"*‘(318 Tam 2 Ts),

K, Ei— ‘;ﬂ‘“ 82(3“_:) T,

K_.-E5=—m((l —8)[T1 -+ (1 —x0) T3] +

(8 — )1 —x0) T's} ,
s —2 1 35
K, Ev= iy {1 =) 3= T — 5= Ts) +
2
F—ar— [T+ (= %) Ta])

Therefore, all six tensors of K,-E; are expressed in terms of three linearly-independent
tensors T; that have the form
Ty=(Ey —sE) 6 — s) — Ty, Ty = E, — sk,
Ty=E; + 2B, — s (Es+ Ey + 4E5) + s (s + 2) Es

(2.5)

We note that T; are eigenelements of the operator K,

K, - Ty= —2—:ET1, K, T3= 1;‘,% T2y, Ky T3= 1;:‘0 Ts

The last equations follow from (2.4) and (2.5).

3. A spherically symmetric inhomogeneity. ©Let the Lame coefficients A and p of
the inclusion be functions of the variable r only. We will examine the solution of (1.1} in
the case when the medium is loaded by a constant external field e, By virtue of the linearity

of the problem, the tensor e, (r,r) is represented in the form
era (s 1) = AL () e (3.4

where the tensor AL‘:} can be considered to be symmetric in the upper and lower pairs of
indices. The equation for A4 (r,n) follows from (1.1) and has the following form without

super or subscripts.
A (ryn) + (Kee,-A) (ry n) = —(K-¢)) (ry m) 3.2)

We shall seek its solution as a linear combination of the tensors £E;(r) (1.5) with scalar
coefficients dependent only on r. Then the product ¢4 can be represented in the form

(cx- A)rym)= 3} :() Eq () (3:3)

where S8, (r) are scalar functions of r. We substitute this expression for ¢;+4 into (3.2)
and apply a Mellin transform to both sides of the relationship obtained. Taking (2.2) into

account, we obtain
A* (s, n) + izal S:* sYK,- E)s, n)=— (K -c1*)(s, n) (3.4)
a* (s)=M*(s) E2 + 2u* () Eu
It follows from (2.4) that the tensors K;-E; and K,.a1* are linear combinations of three

tensors T; (2.5). But then the tensor A* (s, n) should naturally also be sought in the form
of the same linear combination

A* (s, n) -=’21,1a]-* )T (s, ) (3.9)
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Here a;*(s) are scalar functions of the Mellin transform parameter S, whose r - represen-—
tation is a; (r).

Since the operation D ==rd/dr in the initial r-space corresponds to multiplication by
- 5 in the Mellin transform space, it follows from (2.5) and (3.5) that the expression for
the tensor A {r,r) has the form

A, m)y=(E:+ E;(n) D) (5 + D) d, () + (E, + (3.6)
E,(n) D) oy () + |E; + 2B, + (E, (n) +
Ey(n) + 4By (n) D + Es (n) D (D — 2)] (a5 (1) — oy ()

If the functions a;{r) can be selected such that A {r,n) satisfies (3.2), then by virtue
of the uniqueness, the tensor (3.6) is a solution of the problem under consideration.

We will now construct the function a;(r). We substitute the tensor A* {s,n) (3.5) into
(3.4) and take account of (2.4). Equating coefficients on the right and left sides of the
relationship obtained for the linearly independent tensors T, and T4, we arrive at the follow-
ing formulas relating the functions a;, and o, after some reduction

35 + D)fs — 36 — 5) o 5) + - Pu* (5) = — 2o (s + 2) L 3.7)

8+ 2)(s — 3)fs ~ S)faa* (5) — (1 — ) ar* (9)] + o Dy® (5) =0
@y * (s) =25 (5 + 2) S1* (s) + (5 -+ 2)(s — 1) Ss* (s) + & (s — 2) S¢* (s)

Dg* () =(s— [2(s + 2) Sa*(s) + (s + 2) 5* (5) + 2(s — 2) Se* ()]

Here S8i* (s} is the Mellin transform of the scalar coefficients S§;{) in expansion
(3.3). Substituting (3.6) into (3.3), we obtain the following expressions for the functions
S; (r) in (3.7)

Sy =21, [3 + D)a, + 2a,l, S3=24, (5 + D) Da, + (3.8)

2D (ay — ay)
8y =2, D [{(1 + D) a, + dasl, Ss=2,D (D — 2) (ay — %)

The equality of the coefficients for T, will yield a relationship in which the function
oy occurs. However, it will later be more convenient to consider the function

B(r)=a,(r) + (6 + D)ay(r)
instead of a,.
We obtain a relationship analogous to (3.7) for B by multiplying both sides of (3.4) on
the right by the tensor E, and by taking account of the equalities

A Ey = (E, + ED) B, c;-A-E, = S:E, + SsF, (3.9)
Sy =2 3+ D) P + 2mB, S5 =21, DP
Using (2.4), we have in the same way as above

1 1

5 (s — 3) p* (s) — ;0"" Dy* (s) =
(Dz* (S) =SS7* (S) + (S —_ 2) Sg* (S)

= X s (3M* (s) + 2m1* (s)) (3.10)

Differential equations which the desired functions will satisfy are not difficult to
obtain from the preceding relationships. To do this, we should go over to the r-representations
in (3.7) and (3.10) by replacing the Mellin transforms of a,, @ p and S; by their originals,
and the parameter (-—s) by the differential operator D. For instance, let A, (r) and p, (r) be
finite functions with piecewise-continuous second derivatives and dA/dr = du,/dr =0 for r=20.
Then from (3.7) and (3.8} we obtain a system of two ordinary fourth-order differential equations
for the functions a; and &3 and from (3.10) a second-order eguation for B whose right sides
and coefficients are piecewise-continuous functions. The solution of these equations should
be bounded everywhere and should satisfy the conditions

Da; = Da; =0, i==1,3; Dp =0 for r = 0 (3.11)
y, Qg ﬁ—>0 as’ r oo

The first group of these conditions is satisfied of the continuity of the function A (r, n)
for r==0 and the second group because A (r,n) tends to zero at infinity.

4. A spherically layered inhomogeneity. 1let A,() and p, (r) be finite piecewise-
constant functions with discontinuities at the points r=ani=1 2,.. N 0<a,<a, <
...< any. 1In this case the inclusion consists of a kernel and the (N —1)-th spherical layer
within which the elastic moduli are constant. Going over from the relationships (3.7) and
(3.10) to differential equations for the functions a,, &3 and § we obtain that these equations
take the following form in the domains of constant A, and p,
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DO —2D+3)D+5a;=0,j=1,3%DD+3)p=0 (@1
Writing the general solution of these equations, we obtain that the foxm of the functions

@, %3 and P is determined in the intexvals g, <r<{a,i=1,2,.. N+ 1 2,=0, aypy= o0,
by the relationships

(=Y + Y2 4 Yo y{rs (4.2)
as (=Y + Yt £ YPrs vy Ors, =y +vQrs

where Yj(” are arbitrary constants. Therefore, within each layer the solution of the problem
is determined apart from ten constants.

We will now investigate the discontinuities of the derivatives of the functions a,, a; and
p on the boundaries of the layers. The absence of singular components of the tensors ¢ (r, n)
and 4 (r,n) follows from the continuity of the elastic displacement vector in the whole space.
From this and from {(3.6) for A4 (r,n) it is seen that the function B should be continuous
while a; and @, are continuous together with the first derivatives.

Furthermore, let pu; (r) be a piecewise-constant function with discontinuities at the points

r=a; (i=1,2,...,N) that equal zero for r>ay., Its Mellin transform m*(s) {(2.1) has the
form

N
bt ()=~ ¥ [has “3)

12m)

where the quantity l¢l; for any piecewise-continuous function ¢ (r) is determined by the relation-
ship

[oli=9(a; +0)—ola;—0), @(ﬂii{}):g_{yp(aii‘e}’ e>0

By using integration by parts, the eqgualities
N
(DBY*(s) = — 3 [waBli e —s (1aB)*(5) (44
N
(m1D?aj)¥(s) = — ‘g‘l([p‘lmi]i — 5[] a4 5% (maa;)*(s)

can be obtained from (2.1} for the continuous function § and the functions a; that are con-
tinuous together with the first derivatives.

Taking account of (4.3) and (4.4), the function @* (s) in (3.7) is representable in the
form

N
Dy {s) == 2 2&1 {{s + 2)(s* — 8s + I[wina)s — & (s + 2)[psxs); — (4.5)
(s® ~ 3s -+ 6)[wiDous )y — 4 (s — 2)[waDask} a* + 5 (s + 2)(s — 3)s — H)(paxa)*(s)

The equation

N
s{s + 2)(s — 3)(s — S){me)*(s) = — eZJ; {s*[poa)i—s [ (6 4- Dyoul;i + (4.6)
s[n(D?+ 6D — 1) o] — [W(D® + 6D* — D — 30) )i} a;*
B e+ pi

holds for a function «, (r) of the form (4.2).
Substituting (4.5) into (3.8) and taking account of (4.6), we obtain

N
2 (%0 [oa]s ~ %o [(6 + D) ] + s ([ (D* + 6D — Do} —

=1
[’).1 (7(11 -— 3Da1 + 4(23 + 4Das)];) —_ [ll (D:’ + 6D — D — v
30)an]; + 2 [p1 (dats — 4Das — Gy -+ 3Da)]i} ot = — 2 '21 (24 9)ip)ia’

Equating factors for the linearly independent functions & on the left and right sides
of this relationship, we arrive at N equalities, each of which connects twe polynomials.
The coefficients of identical powers of s in these polynomials should be egual. Hence, after
algebraic reduction we obtain the following system of conditions on the jumps of the function
a; {r) and its derivatives at the points r = q; on the layex boundaries

[a; =0, Dayl; =0 (4.7)
whtayly = —2{pl; — 3[n @2 +D)al;, —4p (A + D) al;
[}LD"G;]. =16 [}1]1 + [Po (48 -+ 25D) Gllg + 16 [p- (2 + D ) aali
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Analogous conditions can be obtained for the jump of the functions oy and B and their
derivatives by the same means from (3.10} and the second relationship in (3.7)

tagl; = 0, [Dagl, =0 (4.8)
[(h + 2u) DRyl = =2 M), — 6l (1 + DYooyl — 4 lpagl, —

[(5A -+ 8y) Dayl;
[(h - 2p) Dlagl, — 16 [ul; + 24 [u (2 + D) ayly + 32 [potgly+

[(25M - 42y) Dasl,

Bl =0, [(A + 2p) DB); = — 130 + 2l — [(3A + 2p) B,

We note that part of the conditions (4.7) and (4.8) can be obtained by utilizing a general
expression for the jump in the strain tensor on the boundary of two elastic media /9/

feli=— K;'kn (n)-[cli-e(a; —0) (4.9)

The tensor K* (n) is defined by relation {1.6) in which the parameters i, and p, should
be replaced by A+, Wi+ Substituting e = (E; + 4)-¢, here, where A has the form (3.6),
expressions can be obtained for the jumps in the functions o, &3, their first two derivatives
and the function P that agree with (4.7) and (4.8). Egs.(4.7) and (4.8) for the jumps in the
third derivatives of @, @y and the first derivative of B do not follow from (4.9} and are
specific for the problem under consideration.

All the constants Y;® and in (4.2) for the functions ay,a; and B can be found from the
relationships (4.7), (4.8) and their boundary conditions at zero and infinity. In the special
case of a homogeneous inclusion (N =1}, the equalities Y® =0{(i=3,4,7,8,10), /@ =0(=
1,2,5,6,9) follow from (3.11). The remaining ten constants in (4.2) are determined from
conditions (4.7) and (4.8) and have the form

Yo 2 fpli(ha +- 2o} [P C I I
t {(Topy — 6 ph) (he -~ 210} — dpte (s ° & Ao+ 2 Y
W 3{At-ph W _y®_g

T 3 (ke 2pe) — [BA 2], Yo=Yi=

Y = ar®, v =—2ar?, v =1ard

Yo — ;}_ @Y, Y — asy®

Substituting these values of Y;) into (4.2) and the result into (3.6), we arrive at the
well-known solution /10/.

We will now construct the algorithm to calculate the constants Y ¥ in the general case.

5. An algorithm for the numerical solution of the problem., we introduce the
N +1 ten-dimensional vectors Y whose components are the constants Y% governing the
solution (4.2) in the i-th interval (in the i-th layer) and the N 41 vectors X® (r} with
the components (a;.y <1 < a;)

X )=, X0 () =Doa(r) Xi'()= Llaa(r) G.1)
X (r)= DPour
X M=) X )=Das(r), X (r)=Da(r)
XP (r)== DPas (1)
NP =b), X )= DB (r)
It follows from (4.2) that the vectors Y® and X® (r} are connected by the relationships

X =HAYY, YO=H"'()XDr); (5.2)
H=hiDh®h
1 r2 r-3 rs
e 0 2r2 —3* —5r n _ﬂi rs u
H0 4 g 25r )0 TPTHO — 3

0 82 —27r% — 425770

Therefore, the vector Y® and, therefore, the solution (4.2) within the i-th interval,
is uniquely defined by the value of the vector X® {r} at any peint r (e, , < r < a;). Ifthevalue
of the vector X® (r) is known at the point r = a;4 +0 (at the left end of the I~th interval},
its value at the right end, for r=g; — 0 is determined by virtue of (5.2) by the formula

X (ay=RVXMNa,), RY=H(a;)H™(aio1) (5.3)
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where we call R% the transfer matrix.
It follows from relationships (4.7) and (4.8) that the vectors X® and X@¢+v at the
point @; on the boundary of the i~th and (i + 1)~th intervals are connected by the relationship

X (ai)zF(i)—f—I‘(i)X(i)(&g) (54)
It is easy to restore the form of the transition matrix T¥¥  and the transition vector

Fy from (4.7) and (4.8).
Suppose the vector of the solution in the first interval XW {q;) is known. Then the
vectors XG+1 (g;) governing the solution in the (i + 1)~th interval, is expressed, by virtue

of (5.3) and (5.4), in terms of the vector XW {(a))

X(i+1) (ai)::g(i) + G(i)X(l) (al) (5.5)
i-1  j+t

gmzpm, g“’:F‘“ + 2 (H Q("‘)) FO ;==2.3... N

=1 ¥=i
1

e =11 0", Q"W =TWR"
k=i
Here R is the unit matrix, and the transfer matrices R®(k = 2,3,..., N)are defined

in (5.3},

We will utilize the boundary conditions to construct the vector XW (g;). It follows
from the boundedness of the solution at r =0 that expressions (4.2) for the functions a,,a;
and B do not contain negative powers of r in the first interval, i.e., Y} =0k = 3,4,17,8,10).
Then a relation exists between the components of the vector X® which can be represented in

the form , R
X(D:-‘JWZU), Z(‘) e PIX(‘) (5.6)

Here Z® are column-vectors with components X, (j =1, 2,5, 6,9) and the matrices
M (40 X 5) and P, {5 X 10) have the form

myi 010

mg 010 my! 0101010
M=|0{m|0 |, py—=[0!0}ms0

0imgl O OOOOm;

010 Img
m=10h m:lo QQ m::'\“u my=j1, 0}
1=lo 1|* ™ T o 4 ™ T oy ™TIY

It follows from the fact that the functions a,, @3 and § approach zero at infinity that
their expressions (4.2) in the (¥ -+ 1)-th interval (in the medium) contain only negative

powers of r, i.e., Y};N*‘) =0(=1,2,5,69). It can hence be shown that a relationship exists
between the components of the vector X®V+D yhich can be represented in the form
WD L7000 WO = p, X0 6.7
Here W is a vector with the components X,® (k = 3,4,7,8,10) and the matrices L (5 X 3)
and P, {5 X 10) have the form

0 m10 It
L= DDl Pp=]010!0imi0
D10 010 by
—15 —8
ll"«—‘:l 120 49“’ Z;:-—-3, mB:uO iﬁ

In order to find the components of the vector ZM we substitute the expression for
XD (g} from (5.5) into (5.7) and take account of (5.6). We conseguently arrive at the

linear equation
BZW = f; B = (P, — LP)G®™M, | = (LP, — P;) gV (-8)

(the matrix G™ and the vector g'V) are defined by the relationship (5.5)). Solving this
equation, we find the vectors XU+ (g) (i=1, 2,..., ¥) from relationships (5.5) and (5.6},
and then the vectors of the constants Y® which determine the solution within all the layers,
from (5.2).

The algorithm described was the basis for a computer solution of the problem.
illustration of the calculation, we examine an inclusion of unit radius consisting of

An an
N
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spherical layers of thickness 1/A. Young's modulus E® within the i-th layer is given by
the formula
EW = E(a;), i+ 1,2,...,8 1
Ar?
E(ry=E, [1 ;-»6exp<ﬁ>J for r<1, E(r)==E, for r>1 (5.9)

where @e; is the external radius of the i-th laver. Poisson's ratio for the medium and all
the layers was taken to be 0.4. The external loading was uniaxial tension along the axis ;.
The stress distribution oy along an axis orthogonal to z; with origin at the centre of the

inclusion is shown in Figs.l and 2 for N =60. The computation was performed for &= —1;i= 0,
1071, 1,10 (compliant inclusions, Fig.l), &=100 and the same values of A (rigid inclusions,
Fig.2).

As N -, Young's modulus within the inclusion evidently tends to the continuous dis-
tribution (5.9). To verify the possibilities of the algorithm the computation was carried out

for increasing values of N until a stable stress distribution pattern was cbtained. It turned
out that for N > 40 the distribution is practically invariant as N increases.

6. Effective elastic moduli of a medium with spherically layered inclusions.
In a homogeneous elastic medium (matrix) let a random set of identical spherically-layered
inclusions be distributed spatially, uniformly, and isotropically. We consider the problem
of calculating the effective elastic moduli of such a composite material and of estimating
the mean stress concentration at the individual inclusions. We use the effective (self-
consistent) field method /11, 12/. The main assumption of the method is that each inclusion
in the composite material will behave as though isolated in a homogeneous medium (matrix)
subjected to an effective external strain field e, (the stress is o, = cy-g,). The field e,
is made up of the external field ¢, and the field induced by the surrounding inhomogeneities.
This assumption enables a selfconsistent equation to be obtained to determine e,, whose
solution has the form /12/

ey = Avegy ATl = E; — ny(co-Ky — E))-P
p=c;' S e1(2)-(Er + A(2)dz, Ko=—— SK*(n)dQ,,

v @

Here n, is the numerical concentration of the inclusions; the integral P is evaluated
over the volume of the inclusions; and the tensors A4 (x) and K* (n) have the form (3.6) and
(1.6), respectively.
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Fig.l Fig.2

In the case of isotropic media and inclusions, the expression for A takes the form

1
A = diE, + d, (B, — 5 Ey)

1 124, L ! Oky + 8o\
dl—T(1 + ol Ty ™ ) y da —\1 + s T A T ko T 4po) )

Here k¢ is the matrix bulk modulus, and the coefficients ¢, ¢ are connected with the

constants Y 9 in (4.2) by the relationships
4 N k i : . :
=g~ (1 + V)2 —aby), & =4V —k, (6.1)

1=4

Nouw —_—
4 [ Qi i [t i i 5
G=—5 ) D= (14 3V 4 2Y ) —al) + 5 = BYY + 2V P)a —al)

t==1
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(k" is the bulk modulus of the i-th layer).

Within the framework of the effective-field method, the deformations in the neighbourhocd
of an arbitrary inclusion are calculated by means of the formula e (z) = (E;, + 4 (x))-g,, and
the stresses by Hooke's law.

It follows from the results /12/ that the tensor of the composite's effective elastic
moduli ¢, in the case under consideration has the form (the coefficients g¢;, q» are defined
by the relationship (6.1))

co=cu-(Er— noP- Ayt = kyEs + 2y (Er — YsEs)

b8 Ok 1

=1+ 3n071(1 - ”°7lm)
o 8 (ko +2p0) Y2
p.o _1+’70q2(1-— n072m)

Curves of the effective shear modulus p, of the composite material as a function of the
volume concentration p = ¢/smn.an® of the inclusions, whose properties are described at the end
of Sect.5 are presented on the right in Figs.l and 2.
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